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First-Order Logic

Introduction (1)

Let’s formalise the sentence:

“John is Peter’s farther.”

When we analyse this sentence, it cannot be broken up smaller
pieces which could be connected by one or more of the five
connectives (¬,∨,∧,→ and ↔) introduced in Propositional
Logic.

Thus, only option to formalise this sentence as an atom.

Now, let’s consider another sentence:

“Paul is Ann’s father.”

This sentence must also be formalised as an atom in
Propositional Logic.

First-Order Logic

Introduction (2)

But there is an obvious similarities between these two sentences.

They both mention the same relation (fatherhood).

This relation cannot be expressed in Propositional Logic.

First-Order Logic

Introduction (3)

We need a more expressive system of logic to satisfy the
following requirements:

I It should be able to distinguish between ‘‘things’’ (such
as Peter, Paul) and ‘‘assertions about things.’’

I The same ‘‘thing’’ should be denoted everywhere by the
same symbol.

I A concept or predicate (such as fatherhood) should be
denoted by the same symbol everywhere.

I It should be able to use variables, which can be used to
denote different thing.

First-Order Logic



Introduction (4)

First-order logic (predicate calculus, predicate

logic is a formalism which satisfies these requirements.

It was initially introduced by Gottlob Frege, and further
developed by Alfred North Whitehead and Bertrand

Russell.

The semantics of first-order logic was developed by Alfred

Tarski.
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Another Example

All men are mortal.
Socrates is a man.
∴ Socrates is mortal.

This argument is intuitively perceived as correct but cannot
verified the validity by using the methods we learnt in
propositional logic.

Plays a special role by words “all” or “some” or similar words.
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Predicate [1]

In grammar, part of a sentence that gives information about the
subject.

E.g.
Sentence - Pavithra is a student at Oxford.
Subject - Pavithra
Predicate - is a student at Oxford
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Predicate [2]

In logic, predicates can be obtained by removing some or all of
the nouns from a statement.

E.g. Let
P (x) - x is a student at Oxford
Q(x, y) - x is a student at y

P,Q - predicate symbols
x, y - predicate variables (simply variables)

When concrete values (constants) are substituted in place of
predicate variables, a statement results.

P (Pavithra) - Pavithra is a student at Oxford.
Q(Pavithra,Oxford) - Pavithra is a student at Oxford.

Pavithra, Oxford - constants
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Predicate [3]

Definition: A predicate is a sentence that contains a finite
number of variables and becomes a statement when specific
values are substituted for the variables.

The domain of a predicate variable is the set of all values that
may be substituted in place of the variable.

E.g. Let P (x) : x2 > x with domain the set R of all real
numbers. Write P (2), P (1/2), and P (−1/2), and indicate which
of these statements are true and which are false.

Sol.
P (2): 22 > 2 or 4 > 2. True.
P (12): (12)2 > 1

2 or 1
4 >

1
2 . False.

P (−1
2): (−1

2)2 > −1
2 or 1

4 > −
1
2 . True.

First-Order Logic

Truth Set

If P (x) is a predicate and x has domain D, the truth set of
P (x) is the set of all elements of D that make P (x) true when
they are substituted for x. The truth set of P (x) is denoted as

{x ∈ D|P (x)}

which is read as “the set of all x in D such that P (x).”
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Example - Truth Set
Let Q(n) be the predicate “n is a factor of 8.” Find the truth
set of Q(n) if

a. the domain of n is the set Z+ of all positive integers.

b. the domain of n is the set Z of all integers.

Sol:

a.

{n ∈ Z+|Q(n)}
={n ∈ Z+|n is a factor of 8}
={1, 2, 4, 8}

b.

{n ∈ Z|Q(n)}
={n ∈ Z|n is a factor of 8}
={1, 2, 4, 8,−1,−2,−4,−8}
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The Universal Quantifier (∀) [1]

Predicates into statements

1. Assign specific values to all their variables

E.g.
Let P (x): x is divisible by 5.
P (35) is true and a statement.

2. Adding a quantifier

E.g.
Let M(x): x is mortal and
S is the set of all human beings.
Then “∀x ∈ S,M(x)” is a statement.
We can read this statement as “For all human being x, x is
mortal.”

Note: (∀x) is read as “for all x”.
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The Universal Quantifier (∀) [2]

Note:

For every, for arbitrary, for any, for each, and given

any are some other expressions that can be used instead of for
all.
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Universal Statement

Definition: Let Q(x) be a predicate and D the domain of x. A
universal statement is a statement of the form “∀x ∈ D,Q(x).”

It is defined to be true if, and only if, Q(x) is true for every x
in D.

It is defined to be false if, and only if, Q(x) is false for at least
one x in D.

A value for x for which Q(x) is false is called a
counterexample to the universal statement.

First-Order Logic

Example - Universal Statement [1]

Let D = {1, 2, 3, 4, 5}, and consider the statement

∀x ∈ D,x2 ≥ x,

Show that this statement is true.

Sol:
Since 12 ≥ 1, 22 ≥ 2, 32 ≥ 3, 42 ≥ 4, and 52 ≥ 5 are true,
∀x ∈ D,x2 ≥ x is true.
Here, we have used method of exhaustion.

First-Order Logic

Example - Universal Statement [2]

Consider the statement “∀x ∈ R, x2 ≥ x.” Find a
counterexample to show that this statement is false.

Sol:
Take x = 1

2 , then x is in R and 1
2

2 ≥ 1
2 is false.

Hence, “∀x ∈ R, x2 ≥ x.” is false.
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The Existential Quantifier (∃)

(∃x) is read as “there exists an x”.

E.g.
“There is a student in Logic Programming” can be written as

I ∃ a person s such that s is a student in Logic
Programming, or

I ∃s ∈ S s.t. s is a student in Logic Programming, where S is
the set of all people.

Some other words that can be used instead of “there exists” are

I There is a, we can find a, there is at least one, for some,
and for at least one
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Existential Statement

Definition: Let Q(x) be a predicate and D the domain of x.
An existential statement is a statement of the form “∃x ∈ D
such that Q(x).”

It is defined to be true if, and only if, Q(x) is true for at least
one x in D.

It is false if, and only if, Q(x) is false for all x in D.

First-Order Logic

Examples - Existential Statement

E.g. Show that the statement “∃m ∈ Z s.t. m2 = m” is true.

Sol:
12 = 1. Thus, m2 = m is true for at least one integer m.
Hence, “∃m ∈ Z s.t. m2 = m” is true.

Ex. 1
Let E = 5, 6, 7, 8, 9, 10 and consider the statement ∃m ∈ E such
that m2 = m. Show that this statement is false.

First-Order Logic

Exercises - Quantifiers

Ex. 2 Rewrite the following in informal way.

a. ∀x ∈ R, x2 ≥ 0.

b. ∀x ∈ R, x2 6= −1.

c. ∃m ∈ Z s.t. m2 = m.

Ex. 3 Rewrite the following in formal way.

a. All triangles have three sides.

b. No dogs have wings.

c. Some programs are structured.
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Universal Conditional Statement [1]

(∀x) if P (x), then Q(x) or (∀x) (P (x)→ Q(x))

E.g. Rewrite the following in informal ways.
∀x ∈ R, if x > 2, then x2 > 4.

Sol:

I If a real number is greater than 2 then its square is greater
than 4.

I Whenever a real number is greater than 2, its square is
greater than 4

I The square of any real number that is greater than 2 is
greater than 4.

I The squares of all real numbers greater than 2 are greater
than 4.
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Universal Conditional Statement [2]

Ex. 4 Rewrite the following in formal way.

a. If a real number is an integer, then it is a rational number.

b. All bytes have eight bits.

c. No fire trucks are green.
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Universal Conditional Statement [3]

Equivalent form

∀x ∈ U , if P (x), then Q(x) can be rewritten in the form

∀x ∈ D,Q(x), where D = {x ∈ U |P (x)}.

E.g. ∀x ∈ R, if x ∈ Z, then x ∈ Q equivalent to

∀x ∈ Z, x ∈ Q

Conversely, ∀x ∈ D,Q(x) can be rewritten as

∀x, if x ∈ D, then Q(x)

Ex. 5 Rewrite the following in the universal conditional form
and its equivalent form.

All squares are rectangles.
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Negations of Universal Statements

What is the negation of the following statement?

“All mathematicians wear glasses.”

“No mathematicians wear glasses.” !!!!

The negation is,

I “One or more mathematicians do not wear glasses.” or

I “Some mathematicians do not wear glasses.”

Negation of the universal statement

I ∀x ∈ D,Q(x) is ∃x ∈ D s.t. ¬Q(x)

I Symbolically, ¬((∀x)Q(x)) ≡ (∃x)¬Q(x)
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Negations of Existential Statements

What is the negation of this statement?

“Some fish breathe air.”

“Some fish do not breathe air.” !!!!

The actual negation is “No fish breathe air.”

Negation of the existential statement

I ∃x ∈ D s.t. Q(x) is ∀x ∈ D,¬Q(x).

I Symbolically, ¬((∃x)Q(x)) ≡ (∀x)¬Q(x)

First-Order Logic

Exercises

Ex. 6 Write formal negation for the following:

a. ∀ primes p, p is odd.

b. ∃ a triangle t s.t. the sum of the angles of t equals 2000.

Ex. 7 Rewrite the following statement formally. Then write
formal and informal negations.

“No politicians are honest.”
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¬ of Universal Conditional Statement

By definition of the negation of a “for all” statement,

¬((∀x)(P (x)→ Q(x))) ≡ (∃x)¬(P (x)→ Q(x))

≡ (∃x)¬(¬P (x) ∨Q(x)) (Implication law)

≡ (∃x)(¬(¬P (x)) ∧ ¬Q(x)) (De Morgan’s law)

≡ (∃x)(P (x) ∧ ¬Q(x)) (Double negation law)

Ex. 8 Write a formal negation for statement (a) and an
informal negation for statement (b).

(a) ∀ people p, if p is blond, then p has blue eyes.

(b) If a computer program has more than 100,000 lines, then it
contains a bug.
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The relation among ∀, ∃, ∧ and ∨

Let D = {x1, x2, . . . , xn} and Q(x) is a predicate and the
domain of x is D.

I (∀x ∈ D)Q(x) ≡ Q(x1) ∧Q(x2) ∧ . . . ∧Q(xn)

I (∃x ∈ D)Q(x) ≡ Q(x1) ∨Q(x2) ∨ . . . ∨Q(xn)

¬(∀x ∈ D)Q(x) ≡ ¬(Q(x1) ∧Q(x2) ∧ . . . ∧Q(xn))

≡ ¬Q(x1) ∨ ¬Q(x2) ∨ . . .¬Q(xn) (De Morgan’s law)

≡ (∃x ∈ D)¬Q(x)
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The Contrapositive of Universal Conditional Statement

The contrapositive of (∀x ∈ D)(P (x)→ Q(x)) is

(∀x ∈ D)(¬Q(x)→ ¬P (x))

E.g. Write the contrapositive for the following statement.

“If a real number is greater than 2, then its square is greater
than 4.”

Sol:
Formal version: (∀x ∈ R) if x > 2, then x2 > 4.
Contrapositive: (∀x ∈ R) if x2 ≤ 4, then x2 ≤ 2.
“If the square of a real number is less than or equal to 4, then
the number is less than or equal to 2.”

First-Order Logic

Claim

(∀x ∈ D)(P (x)→ Q(x)) ≡ (∀x ∈ D)(¬Q(x)→ ¬P (x))

Proof:
Let d denotes a specific but arbitrary chosen element from the
the set D and (∀x ∈ D)(P (x)→ Q(x)) is true.

P (d)→ Q(d) is true (Rule of universal specialization)

¬Q(d)→ ¬P (d) is also true (Contrapositive)

(∀x ∈ D)(¬Q(x)→ ¬P (x)) is true (Rule of universal generalization)

This shows the logical equivalence of universal conditional
statement and its contrapositive.�

First-Order Logic

Order of Operations for Logical Connectivities

Highest to lower: ¬, ∀, ∃,∧,∨,→,↔

First-Order Logic

Alphabet

An alphabet of first-order logic consists of the following
symbols:

(i) A set of constants: a, b, . . . , which may be subscripted.

(ii) A set of variables: u, v, w, x, y, . . . , which may be
subscripted.

(iii) A set of function symbols: f, g, . . . , which may be
subscripted. Each function symbol has a natural number
(its arity, number of arguments) assigned to it.

(iv) A non-empty set of predicate symbols: P,Q, . . . , which
may be subscripted. Each predicate symbol has a natural
number (its arity) assigned to it.

(v) The following five connectives: ¬,∨,∧,→, and ↔.

(vi) Two quantifiers: ∃ (called the existential quantifier) and ∀
(called the universal quantifier).

(vii) Three punctuation symbols: ‘(’, ‘)’ and ‘,’.
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Term

Terms are defined as follows:

1. A constant is a term.

2. A variable is a term.

3. If f is an n-ary function symbol and t1, t2, . . . , tn are terms,
then f(t1, t2, . . . , tn) is a term.

First-Order Logic

Example - Term [1]

Suppose we have an alphabet consisting (apart from the
connectives, punctuation symbols and quantifiers) of the
following:

1. The set of constants is {a, b, c}.
2. The set of variables is {x1, x2, y}.
3. The set of (non-constant) function symbols is {f, g}, where f

has arity 1, and g has arity 3.

4. The set of predicate symbols is {P,Q,R, S}, where P has
arity 2, Q has arity 1, R has arity 2, and S has arity 0.

First-Order Logic

Example - Term [2]

Then the following are examples of terms

I a

I x2

I f(c)

I f(f(f(x1)))

I g(x2, x1, f(f(f(a))))

The following are not terms:

I f(a, b) (f has arity 1)

I P (b, a) (predicate symbols cannot be used when
constructing terms)

I (a ∨ x2) (connectives cannot be used when constructing
terms)

First-Order Logic

Atom

If P is an n-ary predicate symbol and t1, t2, . . . , tn are terms,
then P (t1, t2, . . . , tn) is an atom.

E.g. The following are some atoms which can be formed using
the alphabet given earlier.

I P (a, b)

I Q(y)

I S

I R(x1, f(x2))
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Well-formed Formulas

Well-formed formulas (or just formulas) are defined as follows:

1. An atom (atomic formula) is a formula.

2. If φ is a formula, then ¬φ is a formula.

3. If φ and ψ are formulas, then (φ ∧ ψ), (φ ∨ ψ), (φ→ ψ) and
(φ↔ ψ) are formulas.

4. If φ is a formula and x is a variable, then (∃x)φ and (∀x)φ
are formulas.

Note: A formula which is not an atom, for example
(P (a) ∨Q(x, y)), is called a composite formula.

First-Order Logic

Example - Well-formed Formulas

If we use the same alphabet (defined in Slide 33) the following
sequences of symbols are all formulas:

I Q(a)

I S (remember that S is 0-ary predicate symbol).

I P (a, f(x1))

I (P (g(a, b, f(x1))) ∧R(a, b))

I (∀x)Q(x)

I ¬(∃x)Q(x)

I ((∀x1)(∃x2)R(x2, x1) ∧ (∀y)Q(a))

I (∀x1)(∃x2)(R(x2, x1) ∧ (∀y)Q(a))

I (∀x1)((∃x2)R(x2, x1) ∧ ∀yQ(a))

First-Order Logic

Example - Not Formulas

If we use the same alphabet (defined in Slide 33) the following
sequences of symbols are not formulas:

I (P (a, b) ∨ f(y)) - f(y) is not a formula.

I P (a) - P has arity 2.

I P (a, b) ∨R(a, b) - this should be surrounded by parentheses
according to the definition.

I Q(P (a, b)) - P (a, b) is a formula and not a term, hence it
cannot be used to fill the argument place of Q.

I (∀a)Q(a) - a is not a variable, hence cannot be used with
the ∀-quantifier.

First-Order Logic

First-order Language

The first-order language given by an alphabet is the set of all
(well-formed) formulas which can be constructed from the
symbols of the alphabet.
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Scope

The scope is defined as follows:

I The scope of (∀x) in (∀x)φ is φ.

I The scope of (∃x) in (∃x)φ is φ.

E.g.

I The scope of the ∃-quantifier in the formula
(∃x)(P (x, y)→ Q(x)) is the formula (P (x, y)→ Q(x)).

I The scope of the ∃-quantifier in the formula
(∃x)((∀y)P (x, y) ∧Q(x)) is the formula
((∀y)P (x, y) ∧Q(x)); the scope of the ∀-quantifier is the
formula P (x, y).

First-Order Logic

Bound Vs. Free

A bound occurrence of a variable x in a formula is an
occurrence of x immediately following a quantifier, or an
occurrence of x within the scope of a quantifier that is
immediately followed by x. An occurrence of a variable which is
not bound, is called free.

E.g.

I (∀x)P (x, y) - x is bound (since it is within the the scope of
∀-quantifier), y is free

I (∃z)(P (x, y)→ P (z, x)) - x and y are free, z is bound

I ((∀x)Q(x) ∨ P (x, f(c))) - The first occurrence of x is
bound, the second occurrence is free (since it is not within
the scope of the ∀-quantifier)

First-Order Logic

Closed Formula

A closed formula is a formula which does not contain any free
occurrences of variables.

E.g.

I ¬(∃y)P (a, y) is a closed formula.

I (∀x)(Q(x) ∨ P (x, f(c))) is a closed formula.

I ((∀x)Q(x) ∨ P (x, f(c))) is not a closed formula (since the
occurrence of x in P (x, f(c)) is not in the scope of the
∀-quantifier).

First-Order Logic

Ground Term/Formula

A ground term(formula) is a term (formula) which does not
contain any variables.

E.g.

I f(g(a, b)) is a ground term.

I h(a, b, x) is not a ground term (since it contains the
variable x).

I P (a, f(g(a, b))) is a ground atom.

I (∀x)(Q(a, g(x)) ∧ P (x, y)) is not ground.
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Variable Assignment

Let D be the domain of a first-order language L. A variable

assignment V with respect to L is a mapping from the set of
variables in L to the domain D of L.

Note: We use V (x/d) to denote the variable assignment which
maps the variable x to d ∈ D, and maps the other variables
according to V .

E.g. Let a given alphabet L contains the variables x, y, y1 and
z and the domain as set of natural numbers {0, 1, 2, . . .}.

Then the following V is a variable assignment w.r.t. the
language L:

I V (x/5)

I V (y/0)

I V (y1/5)

I V (z/12)

First-Order Logic

Interpretations

An interpretation of a formula φ in first-order logic consists of

1. A non-empty set D, called the domain of the interpretation.

2. Each constant is assigned an element of D.

3. Each n-ary function symbol is assigned a mapping from Dn

to D where
Dn = {(x1, x2, . . . , xn)|x1 ∈ D,x2 ∈ D, . . . , xn ∈ D}.

4. Each n-ary predicate symbol is assigned a mapping from Dn

to {T, F}.

First-Order Logic

Example [1] - Interpretations

Consider formulas φ = (∀x)P (x) and ψ = (∃x)P (x) and the
following interpretation:

Domain: D = {0, 1}

Assignment for P :
P (0) P (1)

F T

Then,
φ = (∀x)P (x) is F and
ψ = (∃x)P (x) is T under the given interpretation.

First-Order Logic

Example [2] - Interpretations

Formula - (∀x)(∃y)P (x, y)

Interpretation

D = {0, 1}

P (0, 0) P (0, 1) P (1, 0) P (1, 1)

T F F T

Then,
(∀x)(∃y)P (x, y) is T under the given interpretation.
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Example [3] - Interpretations

Formula: φ = (∀x)(P (x)→ Q(f(x), a))

Interpretation I of φ
D = {1, 2}
Assignment for a is 1.

Assignment for f :
f(1) f(2)

2 1

Assignment for P :
P (1) P (2)

F T

Assignment for Q:
Q(1, 1) Q(1, 2) Q(2, 1) Q(2, 2)

T F F F

Then, φ is T under the interpretation I.

First-Order Logic

Exercises - Interpretations [1]

Ex. 9 Define the interpretation I as follows: let D be a set of
human beings, P be a unary predicate symbol which we
interpret as “is mortal”. Find the truth value of the formula
φ = (∀x)P (x) under the interpretation I.

Ex. 10 An interpretation I and variable assignment V of a
first-order language L consists of the following:

I Domain D = {0, 1, 2, 3, . . .}
I The constant a is assigned the number 0.

I The function symbol f is assigned the following mapping
from D to D: Jf (n) = n+ 1.

I The 3-ary predicate P is assigned the mapping:
P (n1, n2, n3) is T if n1 +n2 = n3 and it’s F if n1 +n2 6= n3.

I V (x/5), V (y/0), V (y1/5) and V (z/12)

(Please see the next slide)
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Exercises - Interpretations [2]

(Continued from the previous slide)

Find out the truth values of the following formulas:

(i) P (f(a), f(a), f(f(a)))

(ii) P (f(x), a, f(f(y)))

(iii) (P (f(x), a, f(f(y)))→ P (f(a), f(a), f(f(a))))

(iv) (∀x)P (x, f(a), f(x))

(v) (∃x)P (f(a), f(a), f(f(f(x))))

(vi) (∀x)(∀y)(∀z)(P (x, y, z)↔ P (f(x), y, f(z)))

First-Order Logic

Example [4] - Interpretations

The closed formula (∀x)(∃y)P (x, y, f(a)) has the truth value F
under I given in Ex. 10.

1. (∀x)(∃y)P (x, y, f(a)) has a truth value T under I iff

2. For every d ∈ D, (∃y)P (x, y, f(a)) has truth value T under I
and V (x/d) iff

3. For every d ∈ D, there exists d′ ∈ D such that P (x, y, f(a))
has truth value T under I and V (x/d)(y/d′) iff

4. For every d ∈ D, there exists d′ ∈ D such that P (d, d′, f(0))
has truth value T iff

5. For every natural number d, there exists a natural number d′

such that d+ d′ = 1.

Since the last part of this iff-sequence is false, the closed
formula we began with has truth value F under I.
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Interpretation I satisfies a formula φ

Let φ be a formula in the first-order language L, and I an
interpretation of L. Then φ is said to be true under I if its truth
value under I is T . I is then said to satisfy φ, or to make φ true.

Similarly, φ is said to be false under I if its truth value is F
under I. I is then said to falsify φ, or to make φ false.

E.g.

I The interpretation I (given in Example [1] -
Interpretations) satisfies the closed formula φ = (∀x)P (x).

I The interpretation I (given in Ex. 10) falsifies the closed
formula (∀x)(∃y)P (x, y, f(a)).

First-Order Logic

Model

Let φ be a formula, and I is an interpretation. I is said to be a
model of φ if I satisfies φ. φ is then said to have I as a model.

Let Σ be a set of formulas, and I is an interpretation. I is said
to be a model of Σ if I is a model of all formulas φ ∈ Σ. Σ is
then said to have I as a model.

E.g.
Let the interpretation I have D = {1, 2} as domain, P be a
binary predicate interpreted as ≥, let a denote 1 and b denote
2.

I I is a model of the formula (∀x)P (x, x), since 1 ≥ 1 and
2 ≥ 2.

I I is not a model of the formula (∀x)(∃y)¬P (x, y), since
there is no element n in the domain s.t. 2 < n.

First-Order Logic

Logical Consequence [1]

Let Σ be a set of formulas, and φ a formula. Then φ is said to
be a logical consequence of Σ (written as Σ |= φ), if every
model of Σ is a model of φ.

Sometimes, we say Σ |= φ as Σ logically implies φ (or Σ
implies φ)

If Σ = {ψ}, this can be written as ψ |= φ.

E.g.

I (∀y)Q(y) |= Q(a)

I {(∀x)(P (x)→ Q(f(x))), P (b), P (f(c))} |=
{Q(f(b)), Q(f(f(c)))}

First-Order Logic

Logical Consequence [2]

Logical consequence is very important concept in Artificial
Intelligence (AI).

E.g.
The knowledge of a system (a robot, for instance) can be
represented by a set of first-order formulas.

We might then say the system “knows” a sentence, if the
formula representing the sentence is a logical consequence of its
set of formulas.

First-Order Logic



Decidability of Propositional Logic

In propositional logic, testing whether a or not Σ |= φ is easy.

The no of possible interpretations = 2n (where n is the no of
atoms occurring in Σ and φ)

So, we can always decide in finite time whether or not φ is true
in all models of Σ.

This property is called the decidability of propositional

logic.

Note: Finding out of a logical consequence in first-order
formulas is not easy as propositional logic since the no of
interpretation is usually infinite.

First-Order Logic

Logical Equivalence

Two formulas φ and ψ are said to be (logically) equivalent
(denoted by φ⇔ ψ or φ = ψ or φ ≡ ψ), if both φ |= ψ and
ψ |= φ (so φ and ψ have exactly the same models).

First-Order Logic

Validity and Inconsistency [1]

Let φ be a formula. Then:

1. φ is called valid, or a tautology, if every interpretation is a
model of φ. This can be written as |= φ. φ is called invalid

otherwise.

2. φ is called satisfiable, or consistent, if some
interpretation is a model of φ.

3. φ is called inconsistent, or unsatisfiable, or a
contradiction, if no interpretation is a model of φ. In other
words, φ is inconsistent if it has no models.

4. φ is called contingent if it is satisfiable, but invalid.

E.g.

I The formula ((∃x)Q(x)→ ¬(∀x)¬Q(x)) is a tautology.

First-Order Logic

Validity and Inconsistency [2]

First-Order Logic



Exercises

Ex. 11 Find whether the following formulas are valid,
satisfiable or unsatisfiable.

(i) ((∀x)P (x)→ (∃y)P (y))

(ii) ((∀x)P (x) ∧ (∃y)¬P (y))

(iii) {(∀x)(P (x) ∧Q(x)),¬P (a)}

Ex. 12 Let P (x, y) be a predicate which stands for “x loves
y.” and the domain D consists of set of all human being
currently alive.

(i) Transform the following two sentences into first-order
formulas

I “Monica loves everybody.”
I “There isn’t a human being whom Monica does not love.”

(ii) Show that the above two sentences are logically equivalent.

First-Order Logic

∀x∃yP (x, y) Vs. ∃y∀xP (x, y) [1]

Two formulas

1. ∀x∃yP (x, y)

2. ∃y∀xP (x, y)

are not logically equivalent.

For example, if P(x,y) - x loves y, then the first formula
informally means

“Everybody loves someone.”

and second formula means

“There is someone whom everybody loves.”

Clearly, the first formula can be true (if for example everybody
loves his/her mother) while in the same interpretation the
second formula is false (if there does not exist a person whom
everybody loves).
First-Order Logic

∀x∃yP (x, y) Vs. ∃y∀xP (x, y) [2]

Infact,

1. ∃y∀xP (x, y) |= ∀x∃yP (x, y)

2. ∀x∃yP (x, y) 2 ∃y∀xP (x, y)

First-Order Logic

Laws of First-order Logic [1]

All laws in propositional logic are also valid in first-order logic.
In addition, there are other laws.

Let Q denotes either ∀ or ∃, F [x] and H[x]represent that the
variable x is in formulas F and H, and G be a formula that
does not contain the variable x. Then

1. (Qx)F [x] ∨G = (Qx)(F [x] ∨G)

2. (Qx)F [x] ∧G = (Qx)(F [x] ∧G)

3. ¬((∀x)F [x]) = (∃x)¬F [x]

4. ¬((∃x)F [x]) = (∀x)¬F [x]

5. (∀x)F [x] ∧ (∀x)H[x] = (∀x)(F [x] ∧H[x])

6. (∃x)F [x] ∨ (∃x)H[x] = (∃x)(F [x] ∨H[x])

First-Order Logic



Laws of First-order Logic [2]

Note:

1. (∀x)F [x] ∨ (∀x)H[x] 6= (∀x)(F [x] ∨H[x])
(∃x)F [x] ∧ (∃x)H[x] 6= (∃x)(F [x] ∧H[x])

2. Every bound variable in a formula can be renamed
(∀x)H[x] = (∀z)H[z]

7. (Q1x)F [x] ∨ (Q2x)H[x] = (Q1x)(Q2z)(F [x] ∨H[z])

8. (Q1x)F [x] ∧ (Q2x)H[x] = (Q1x)(Q2z)(F [x] ∧H[z])

First-Order Logic

Rule of Universal Specification [1]

If (∀x)P (x) is true, then P (a) is true for each a in the universe.

E.g.

1. Each actor/actress on the TV show “Friends” is a
millionaire.

2. Jennifer is an actress on the TV show “Friends”.

Therefore, Jennifer is a millionaire.

Symbolically, consider setting up these three statements:
P (x): x is an actor/actress on “Friends”.
Q(x): x is a millionaire.

Now the given information can be represented as

1. (∀x)(P (x)→ Q(x))

2. P (Jennifer)

First-Order Logic

Rule of Universal Specification [2]

(∀x)(P (x)→ Q(x)) [Premise] (1)

(P (Jennifer)→ Q(Jennifer)) [Rule of universal specification] (2)

P (Jennifer) [Premise] (3)

Q(Jennifer) [Steps (2), (3) and Modus Ponens ] (4)

First-Order Logic

Rule of Universal Generalization

If a predicate P (x) is proved to be true when x is replaced by
any arbitrary chosen element c from our universe, then the
universally quantified statement (∀x)P (x) is true.

E.g. Show that {(∀x)(P (x)→ Q(x)), (∀x)(Q(x)→ R(x))} |=
(∀x)(P (x)→ R(x))

Sol: Let c be any arbitrary chosen element from our universe,
then

(∀x)(P (x)→ Q(x)) [Premise] (1)

P (c)→ Q(c) [Step (1) and Rule of universal specification] (2)

(∀x)(Q(x)→ R(x)) [Premise] (3)

Q(c)→ R(c) [Step (3) and Rule of universal specification] (4)

P (c)→ R(c) [Steps (2), (3) and Transitivity] (5)

(∀x)(P (x)→ R(x)) [Step (5) and Rule of universal generalization] (6)

Note: This is called as Universal Transitivity.
First-Order Logic



Universal Modus Ponens [1]

I Formal version
(∀x)(P (x)→ Q(x))
P(a) for a particular a.
∴ Q(a).

I Informal version
If x makes P(x) true, then x makes Q(x) true.
a makes P(x) true.
∴ a makes Q(x) true.

First-Order Logic

Universal Modus Ponens [2]

E.g. Rewrite the following argument using quantifiers,
variables, and predicate symbols. Is this argument valid? Why?

If a number is even, then its square is even.
k is a particular number that is even.
∴ k2 is even.

Sol
Major premise: ∀x, if x is even then x2 is even.
Let E(x): x is even, S(x): x2 is even and
let k be a particular even number.

Then the argument is
(∀x)(E(x)→ S(x))
E(k), for a particular k.
∴ S(k).

First-Order Logic

Universal Modus Tollens [1]

I Formal version
(∀x)(P (x)→ Q(x))
∼Q(a) for a particular a.
∴ ∼P(a).

I Informal version
If x makes P(x) true, then x makes Q(x) true.
a does not make Q(x) true.
∴ a does not make P(x) true.

First-Order Logic

Universal Modus Tollens [2]

E.g. Rewrite the following argument using quantifiers,
variables, and predicate symbols. Write the major premise in
conditional form. Is this argument valid? Why?

All human beings are mortal.
Zeus is not mortal.
∴ Zeus is not human.

Sol
Major premise: ∀x, if x is human, then x is mortal.
Let H(x): x is a human and M(x): x is mortal and
let z stands for Zeus.

Then the argument is
∀x, if H(x) then M(x)
∼M(z)
∴ ∼H(z)
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Using a diagram to show validity [1]

E.g. Use diagrams to show the validity of the following
syllogism:

All human beings are mortal.
Zeus is not mortal.
∴ Zeus is not a human being.

Drawn separately Drawn in the same figure

Zeus is outside the human disk.
Argument is valid.

First-Order Logic

Using a diagram to show validity [2]

E.g. Use diagrams to show the invalidity of the following
argument:

All human beings are mortal.
Felix is mortal.
∴ Felix is a human being.

Drawn separately Drawn in the same figure

The conclusion is true in the first case but not in the second.
Because the conclusion does not necessarily follow from the
premises, the argument is invalid.

First-Order Logic

Using a diagram to show validity [3]
E.g. An argument with “No”

No politicians are honest.
Dudley is honest.
∴ Dudley is not a politician.

Major premise - One disk for politicians and one disk for people
who are honest.
Minor premise - Represented by placing a dot labeled “Dudley”
inside the disk “Honest”.
Argument is valid.
First-Order Logic

Exercises

Ex. 13 Establish the validity of the following arguments.
Provide a reason for each step. [Do not use truth tables.]

(a) Premises: (i) ∀x, [p(x)→ q(x)∧ r(x)], (ii) ∀x [p(x)∧ s(x)];
Conclusion: ∀x, [r(x) ∧ s(x)]

(b) Premises: (i) ∀x, [p(x) ∨ q(x)], (ii) ∃x such that ∼ p(x),
(iii) ∀x, [∼ q(x) ∨ r(x)], (iv) ∀x, [s(x)→∼ r(x)];
Conclusion: ∃x such that ∼ s(x)

(c) Premises: (i) ∀x, [p(x) ∨ q(x)], (ii) ∀x,
{[∼ p(x) ∧ q(x)]→ r(x)};
Conclusion: ∀x, ∼ r(x)→ p(x)

First-Order Logic



Exercises

Ex. 14 All Senura Bank employees must know ORACLE. All
Senura Bank employees who write loan applications must know
Microsoft Excel. Ruwini works for Senura Bank, but she
doesn’t know Microsoft Excel. Indira knows Microsoft Excel
but doesn’t know ORACLE. Therefore Ruwini doesn’t write
loan applications and Indira doesn’t work for Senura Bank.

(a) Write the above argument in symbolic form. [Assume here
that the domain comprises all adults (18 or over) who are
presently residing in Sri Lanka. Two of these individuals
are Ruwini and Indira.]

(b) Show that the above argument is a valid argument.

First-Order Logic

Exercises

Ex. 15 Use diagrams to show the validity or invalidity of the
following arguments.

(a) All police constables carry a baton. Mr. Perera is a police
constable. Therefore Mr. Perera carries a baton.

(b) All law-abiding citizens pay their taxes. Mr. Kothalawala
pays his taxes. Therefore Mr. Kothalawala is a law-abiding
citizen.

(c) No politicians are honest. Mr. Khan is not honest.
Therefore Mr. Khan is a politician.

First-Order Logic


