
Resolution

Dr. TGI Fernando 1 2

Department of Statistics and Computer Science,
University of Sri Jayewardenepura

Nugegoda, Sri Lanka

1Email: gishantha@dscs.sjp.ac.lk
2URL: http://tgifernando.wordpress.com/

Resolution

Introduction

Logic Programming - concerns use of logic for representing and
solving problems.

The idea is that some problem can be described by a set of
formulas (preferably clauses) and the solution to the problem is
logically implied by the set of formulas.

Thus, finding out which formulas φ are logical consequences of
some set of formulas Σ is crucial to many areas of AI.

Accordingly, we would like to have a procedure, an algorithm,
which could find out whether or not Σ |= φ is the case.
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Algorithm

An algorithm is a procedure, a specific sequence of operations
upon given data.

It is used to solve some problem.

Should terminate after a finite number of steps for the given
data (input) and produce a solution (output) to the given
problem.

E.g. 1 Finding an algorithm which can give the right answer
for each input n, whether a natural number n is a prime.

Note: Suppose we have some problem P. If there exists an
algorithm which can give the right answer to each instance of
P, then P is called computable.
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Σ |= φ?

Problem: Given a finite set of formulas Σ and a formula φ,
does Σ |= φ hold?

The answer to this problem is either ‘yes’ or ‘no’ (two-valued).

If a two-valued problem is computable, it is called decidable.

If not, the problem is called undecidable.
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Σ |= φ? in Propositional Logic

For the propositional logic, logical implication is indeed
decidable.

Let n be the number of distinct atoms in these formulas.

Then, the no of interpretations = 2n (finite)

Hence, there is an algorithm to find out whether Σ |= φ holds.

Checks whether φ is true in all models of Σ, outputs ‘yes’ if this
is the case, and ‘no’ otherwise.
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Σ |= φ? in First-order Logic

Here we can have infinitely many different domains and hence
infinitely many different interpretations.

Decision procedure applied in propositional logic will not work
here.

Church Theorem: It can be proved that such a decision
procedure does not exist at all for first-order logic: logical
implication for first-order logic is an undecidable problem.

Independently proved by Alonzo Church and Alan Turing.

So our problem of deciding Σ |= φ cannot be solved by an
algorithm (and hence cannot be solved by a computer).

There are, however, procedures which can be of great help here.

These are called proof procedures.
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Proof Procedures

There exists procedures, when they were given arbitrary Σ and
φ, for which Σ |= φ holds, can verify in a finite number of steps
that indeed Σ |= φ.

What is the point of verifying Σ |= φ when you already know
this?

The point is such a procedure can be given Σ and φ as input for
which you do not know whether Σ |= φ.

The procedure is then guaranteed to terminate in a finite
number of steps and give a correct answer if indeed Σ |= φ.

If, on the other hand, the input has the property that Σ 2 φ
then the procedure either
terminates with the correct answer ‘no’, or continues forever.
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Soundness

A proof procedure is sound if all formulas φ that can be
derived from some set Σ, according to the proof procedure, are
logical consequences of Σ.

In other words, a proof procedure is sound if it generates only
logical consequences of the premises.
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Example - Soundness

E.g. 2 Modus ponens is sound.

A modus ponens is the rule that allows one to derive the
formula ψ from the set of formulas Σ = {φ, φ→ ψ}.

This rule can be schematized as follows:

φ, φ→ ψ

ψ

Here the premises are above the line and the derived formula is
shown below the line.
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Example - Unsound Proof Procedure

E.g. 3 The following scheme represents an example of an
unsound proof procedure:

ψ, φ→ ψ

φ

φ ψ φ→ ψ φ

T T T T(X)

T F F T

F T T F (×)

F F T F

First and third interpretations are models of premises; but third
interpretation is not a model of φ.

∴ φ is not a logical consequence of premises ψ and φ→ ψ.
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Completeness

A proof procedure is complete if every formula that is a logical
consequence of premises Σ, can be derived by the proof
procedure.

E.g. 4 Modus ponens is not complete.

For instance, there is no sequence of modus ponens steps which
can derive the formula P (a) from the premise
Σ = {P (a) ∧ P (b)}, though surely Σ |= P (a).

Ex. 1 Check the soundness and completeness of the following
rule:

φ

ψ

Note: Obtaining soundness and completeness at the same time
is much harder.
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Summary - Soundness and Completeness

I A proof procedure is sound if it can only derive logical
consequences of the premises, and

I It is complete if it can derive all logical consequences of
the premises.
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Substitution

A substitution θ is a finite set of the form

{x1/t1, . . . , xn/tn}, n ≥ 0

where xis are distinct variables and tis are terms.

We say ti is substituted for xi.

xi/ti is called a binding for xi.

The substitution θ is called a ground substitution if every ti
is a ground term.

The substitution given by the empty set (n = 0) is called the
identity substitution, or empty substitution, and is
denoted by ε.

E.g. 5 {y/x, x/g(x, y)} and {x/a, y/f(z), z/f(a), x1/b are
substitutions.
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Expression

An expression is either a term, a literal, or a conjunction or
disjunction of literals. A simple expression is a term or a literal.

Let θ = {x1/t1, . . . xn/tn} be a substitution, E an expression.
Then Eθ, the instance of E by θ, is the expression obtained
from E by simultaneously replacing each occurrence of xi by
ti, 1 < i < n.

If Eθ is ground, then Eθ is called a ground instance.

If θ is a ground substitution and Eθ is ground, then θ is called a
ground substitution for E.

If Σ = {E1, . . . , En} is a finite set expressions, then Σθ denotes
{E1θ . . . , Enθ}.
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Example - Expression

E.g. 6 Let E be the expression P (y, f(x)) and let θ be the
substitution {x/a, y/g(g(x))}. Then, the instance of E by θ is

Eθ = P (g(g(x)), f(a))

Note: Here x and y are simultaneously replaced by their
respective terms.

Another substitution σ = {x/f(a), y/b}. Then

Eσ = P (b, f(f(a)))

is ground, so Eσ is a ground instance of E, and σ is a
ground substitution for E.
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E |= Eθ

If E is an expression which is not a term (i.e., a literal or a
conjunction or disjunction of literals), and θ is a substitution,
then the following holds:

E |= Eθ

E.g. 7 P (x) ∨ ¬Q(y) |= P (a) ∨ ¬Q(y), where we have used the
substitution {x/a}.
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Composition

Let θ = {x1/s1, . . . , xm/sm} and σ = {y1/t1, . . . , yn/tn} be
substitutions. Consider the following sequence of bindings

x1/(s1σ), . . . , xm/(smσ), y1/t1, . . . , yn/tn.

Delete from this sequence

I any binding xi/(siσ) for which xi = (siσ), and

I any binding yj/tj for which yj ∈ {x1, . . . , xm}.

The substitution consisting of the bindings in the resulting
sequence is called the composition of θ and σ, and is denoted
by θσ.
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Example - Composition

E.g. 8 Let θ = {x/f(y), z/u} and σ = {y/b, u/z}.

We construct the sequence of bindings:

{x/(f(y)σ), z/(uσ), y/b, u/z}
={x/f(b), z/z, y/b, u/z}

Deleting the binding z/z (since z = (uσ)), we obtain the
composition

θσ = {x/f(b), y/b, u/z}.
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Exercises - Composition

Ex. 2 Construct the composition for the following substitutions

i. θ = {y/f(z)} and σ = {x/b, y/a, z/a}
ii. θ = {x/y} and σ = {x/a, y/a}
iii. θ = {x/f(z), y/w} and σ = {x/a, z/a, w/y}

Ex. 3 Compute the substitution composition θητ , where
w, x, y, z are variables and θ = {y/a(x, z), z/y},
η = {y/x, x/f(w)} and τ = {w/g(a), x/z, z/b}.
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Instance of a Substitution

Let θ and σ be substitutions. We say θ is an instance of σ if
there exists a substitution γ such that σγ = θ.

E.g. 9 The substitution θ = {x/f(b), y/a} is an instance of
σ = {x/f(x), y/a}, since σ{x/b} = θ.
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Proposition - Substitutions

Let E be an expression, and let θ, σ and γ be substitutions.
Then the following hold:

1. θ = θε = εθ

2. (Eθ)σ = E(θσ)

3. (θσ)γ = θ(σγ)

Resolution

Renaming Substitution

Let E be an expression, and let θ be the substitution
{x1/y1, . . . , xn/yn}.

We say θ is a renaming substitution for E if

I each xi occurs in E, and

I y1, . . . , yn are distinct variables such that each yi is either
equal to some xj in θ, or yi does not occur in E.

E.g. 10
Let E = f(a, x, y, z). Then θ = {x/x1, z/x} is a renaming
substitution for E and Eθ = f(a, x1, y, x).

On the other hand, σ = {x/y} is not a renaming substitution
for E, because y is not equal x and y already occurs in E.
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Variants

Let E and F be expressions. We say E and F are variants, or
E is a variant of F , if there exist renaming substitutions θ
and σ such that

E = Fθ and F = Eσ

E.g. 11 The clauses C = P (x) ∨Q(x, y) and
D = P (y) ∨Q(y, z) are variants.

Since

I C = Dθ for θ = {y/x, z/y}, and

I D = Cσ for σ = {x/y, y/z},
where θ and σ are renaming substitutions for D and C
respectively.
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Proposition - Variants

Let E and F be expressions. If there exist substitutions θ and σ
such that E = Fθ and F = Eσ, then E and F are variants.
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Unification

Let Σ be finite set of expressions. A substitution θ is called a
unifier for Σ if Σθ is a singleton (a set containing exactly one
element). If there exists a unifier for Σ, we say Σ is unifiable.

i.e., if Σ = {E1, . . . , En} and θ is a substitution for Σ, then

E1θ = . . . = Enθ.
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Example - Unification

E.g. 12

i. The substitution θ = {x/a, y/f(a)} is a unifier for the set
Σ = {(P (x) ∨ ¬Q(y)), (P (a) ∨ ¬Q(f(x)))} since
Σθ = {(P (a) ∨ ¬Q(f(a)))}.

ii. The set {P (a, f(x)), P (a, g(x))} is not unifiable, because
f(x) and g(x) are not unifiable.

iii. The set {P (a, x), P (y, b)} is unifiable, while the set
{P (a, x), P (x, b)} is not.

Resolution

Most General Unifier (mgu)

If θ is a unifier for Σ, and if for any unifier η there exists a
substitution γ such that η = θγ, then θ is called a most
general unifier (mgu) for Σ.

E.g. 13 Let Σ be the set {R(x, x), R(z, f(y))}. Then
θ = {x/f(y), z/f(y)} is an mgu for Σ.

Note: The mgu for some set of expressions is not unique.

E.g. 14 Both {x/y} and {y/x} are mgus for the set
{P (x), P (y)}.
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Disagreement Set

Let Σ be a finite set of simple expressions. The disagreement
set of Σ is defined as follows:

1. Locate the leftmost symbol position at which not all
members of Σ have the same symbol.

2. Extract from each expression in Σ the subexpression
beginning at that symbol position.

3. The set of all these subexpressions is the disagreement set.
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Example - Disagreement Set

E.g. 15 Let Σ = {P (x, y, v), P (x, f(g(a)), x), P (x, f(z), f(a))}

The leftmost symbol position at which not all members of Σ
have the same symbol is in this case the second argument place
of P .

The disagreement set = {y, f(g(a)), f(z)}

E.g. 16 The disagreement set of {P (x), Q(a),¬R(x)} is

{P (x), Q(a),¬R(x)}
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Unification Algorithm [1]

This algorithm takes as a set Σ of simple expressions (terms or
literals)

Attempts to to construct mgu for this set.

It can be proved that the algorithm always finds an mgu if one
exists.

Always reports that Σ is not unifiable if there does not exist an
mgu for Σ.
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Unification Algorithm [2]

Input: A finite set Σ of simple expressions.
Output: An mgu for Σ (if Σ is unifiable).

Steps:

1. Set k = 0 and σ0 = ε.

2. If Σσk is a singleton, then stop: σk is an mgu for Σ.
Otherwise, find the disagreement set Dk of Σσk.

3. If there exist x and t in Dk such that x is a variable not
occurring in t, then set σk+1 = σk{x/t}, increment k by 1
and go to step 2.
Otherwise, report that Σ is not unifiable, and stop.
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Example - Unification Algorithm [1]

E.g. 17 Let Σ = {P (x, y, v), P (x, f(g(a)), x), P (x, f(z), f(a))}.
In each Σσk, we have underlined the members of the
disagreement set.

1. σ0 = ε.
Σσ0 = {P (x, y, v), P (x, f(g(a)), x), P (x, f(z), f(a))}.

2. D0 = {y, f(g(a)), f(z)}, σ1 = {y/f(g(a))}.
Σσ1 = {P (x, f(g(a)), v), P (x, f(g(a)), x), P (x, f(z), f(a))}.

3. D1 = {g(a), z}, σ2 = {y/f(g(a)), z/g(a)}.
Σσ2 =
{P (x, f(g(a)), v), P (x, f(g(a)), x), P (x, f(g(a)), f(a))}.

4. D2 = {v, x, f(a)}, σ3 = {y/f(g(a)), z/g(a), v/x}
Σσ3 = {P (x, f(g(a)), x), P (x, f(g(a)), f(a)}

5. D3 = {x, f(a)}, σ4 = {y/f(g(a)), z/g(a), v/f(a), x/f(a)}
Σσ4 = {P (f(a), f(g(a)), f(a))}

Σσ4 is a singleton, so σ4 is an mgu for Σ.
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Example - Unification Algorithm [2]

E.g. 18 Let Σ = {Q(a, x), Q(y, f(x))}
1. σ0 = ε.

Σσ0 = {Q(a, x), Q(y, f(x))}.
2. D0 = {a, y}, σ1 = {y/a}.

Σσ1 = {Q(a, x), Q(a, f(x))}.
3. D1 = {x, f(x)}, and there are no variable x and term t in D1

such that x does not occur in t, so the algorithm terminates
and correctly reports that Σ is not unifiable.
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Unification Theorem

I Let Σ be a finite set of simple expressions. If Σ is unifiable,
then the Unification Algorithm terminates and gives an
mgu for Σ.

I If Σ is not unifiable, then the Unification Algorithm
terminates and reports the fact that Σ is not unifiable.

Resolution

Exercises

Ex. 4 Let α = {x/a, y/f(b), z/c} and
β = {v/f(f(a)), z/x, x/g(y)}.

(i) Compute αβ and βα.

(ii) For every of the following formulas, compute (a) Fα; (b)
Fβ; (c) Fαβ; (d) Fβα;

F1) P (x, y, z)
F2) P (h(v)) ∨ ¬Q(z, x)
F3) Q(x, z, v) ∨ ¬Q(g(y), x, f(f(a)))
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Exercises

Ex. 5 For every C1, C2 and α, decide whether (a) α is a unifier
for C1 and C2; and (b) α is the mgu for C1 and C2.

C1 C2 α

P (a, f(y), z) Q(x, f(f(v)), b) {x/a, y/f(b), z/b}
Q(x, h(a, z), f(x)) Q(g(g(v)), y, f(w)) {x/g(g(v)), y/h(a, z), w/x}
Q(x, h(a, z), f(x)) Q(g(g(v), y, f(w)) {x/g(g(v)), y/h(a, z),

w/g(g(v))}
R(f(x), g(y)) r(z, g(v)) {x/a, z/f(a), y/v}
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Exercises

Ex. 6 Find, when possible, the mgu of the following pairs of
clauses.

(i) {Q(a), Q(b)}
(ii) {Q(a, x), Q(a, a)}
(iii) {Q(a, x, f(x)), Q(a, y, y)}
(iv) {Q(x, y, z), Q(u, h(v, v), u)}
(v) {P (x1, g(x1), x2, h(x1, x2), x3, k(x1, x2, x3)),

P (y1, y2, e(y2), y3, f(y2, y3), y4)}
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Introduction to Resolution [1]

Let us start with some examples:

I If we know that

1. Peter plays chess or Peter plays football.
2. Peter does not play football.

then we can conclude that “Peter plays chess.”

I {(P ∨Q),¬Q} |= P (note that this can be seen as a formal
representation of the previous example, where P stands for
“Peter plays chess”, and Q stands for “Peter plays
football”).

I {(¬∃xP (x) ∨Q(a)), (Q(b) ∨ ∃xP (x)} |= Q(a) ∨Q(b)

I {(P (a) ∨Q(b)), (¬P (a) ∨ (Q(a)→ R(a, b)))} |=
Q(b) ∨ (Q(a)→ R(a, b))
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Introduction to Resolution [2]

All the examples given in the previous slide resemble into the
following scheme:

{φ ∨ ψ,¬φ ∨ χ}
ψ ∨ χ

Note:

I We can omit ψ and/or χ from this scheme.

I The order of the formulas is not important.

The proof procedure based on this rule is called resolution.

Introduced by J.A. Robinson in 1965.
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Soundness of Resolution

Suppose that both premises are true.

Since either φ or ¬φ must be false, at least one of the formulas
ψ or χ must be true.

Otherwise, one of the premises φ ∨ ψ or ¬φ ∨ χ would be false
(contradicts our assumption).

Hence the derived formula ψ ∨ χ is true.

Thus, {(φ ∨ ψ), (¬φ ∨ χ)} |= ψ ∨ χ.
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Complementary Pairs

The formulas φ and ¬φ which occur in the two premises are
said to form a complementary pairs.

The order in which complementary pairs appear in premises are
not important in the resolution rule.

E.g. 19 The derivation of R(a) ∨Q(a) from {(R(a) ∨ P (b)),
(Q(a) ∨ ¬P (b))}.
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Important

Resolution can be applied to all sorts of formulas, but usually
the application of resolution is restricted to clauses.

The reason for this restriction is that we can prove some
important completeness results if we restrict ourselves to
clauses.

Applying a resolution step to two clauses is easy:

The conclusion is just the disjunction of all the literals in the
two premise-clauses, except for the complementary pair.

E.g. 20 P (a) ∨Q(a) can be derived from the premises
P (a) ∨R(b) and ¬R(b) ∨Q(a).
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Derivation

One or more applications of this derivation rule (resolution)
together form a derivation.

E.g. 21 Let’s derive the clause P ∨Q from the set
Σ = {(P ∨ S), (¬S ∨Q ∨ ¬R), R}.
1. Derive P ∨Q¬R from {(P ∨ S), (¬S ∨Q ∨ ¬R)}.
2. Derive P ∨Q from {(P ∨Q¬R), R}.
Since resolution is a sound derivation rule, we have found a
proof that {(P ∨ S), (¬S ∨Q ∨ ¬R), R} |= P ∨Q.
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Binary Representation of a Derivation

Earlier derivation can be represented by a binary tree.

P ∨ S

RP ∨Q ∨ ¬R

¬S ∨Q ∨ ¬RP ∨ S

- Tree is read from top to bottom.

- The leaves are clauses from Σ.

- Each node N that is not a leaf is derived (using the
resolution-scheme) from the two clauses on the nodes
leading to N.

- The root of the tree is the conclusion of the derivation.
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Complementary Pairs - Literals

Let L1 and L2 be two literals. Then L1 and L2 form a
complementary pair if ¬L1 = L2 (equivalently ¬L2 = L1).

E.g. 22

I ¬Q(x, y, f(b)) and Q(x, y, f(b)) form a complementary pair.

I The clauses P (x) ∨Q(a) and R(x, y) ∨ ¬Q(a) ∨ ¬P (f(a))
contain the complementary pair Q(a) and ¬Q(a).
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Binary Resolvent [1]

If we have two clauses containing a complementary pair, then
we can derive a clause (by using the resolution rule) containing
all literals in the two original clauses, except the complementary
pair.

The derived clause is called as the binary resolvent of the two
original clauses.

Note: In first-order logic, before obtaining the binary
resolvent, it is needed to do some changes to clauses to obtain a
complementary pair.
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Standardized Apart

Let C1 and C2 be clauses. If C1 and C2 have no variables in
common, then they are said to standardized apart.

If C1 and C2 are not standardized apart, we can use a variant
C ′2 of C2 such that C1 and C ′2 are standardized apart.

Then we can take a binary resolvent of C1 and C ′2.

This is also called as a binary resolvent of C1 and C2.
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Binary Resolvent [2]

Let C1 = L1 ∨ . . . ∨ Li ∨ . . . ∨  Lm and
C2 = M1 ∨ . . . ∨Mj ∨ . . . ∨Mn be two clauses which are
standardized apart. If the substitution θ is an mgu for the set
{Li,¬Mj}, then the clause

(L1 ∨ . . . ∨ Li−1 ∨ Li+1 ∨ . . . Lm ∨M1 ∨ . . . ∨Mj−1 ∨Mj+1 ∨ . . . ∨Mn)θ

is called a binary resolvent of C1 and C2.

The literals Li and Mj are said to be the literals resolved upon.

Note:

I If Li and Mj are the literals resolved upon and θ is the
mgu used, then Liθ and Mjθ form a complementary pair.

I We require θ to be a most general unifier, instead of an
arbitrary unifier.
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Examples - Binary Resolvent [1]

E.g. 23

Let C1 = ¬P (x) ∨ ¬R(a) and C2 = R(y) ∨ ¬Q(y).

C1 and C2 are already standardized apart.

Then θ = {y/a} is the mgu for the set {¬R(a), R(y)}.

Now, the clause

(¬P (x) ∨ ¬Q(y))θ = (¬P (x) ∨ ¬Q(y)){y/a}
= (¬P (x) ∨ ¬Q(a))

is a binary resolvent of C1 and C2.

Note: ¬R(a)θ and R(y)θ form a complementary pair.
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Examples - Binary Resolvent [2]

E.g. 24

Let C1 = Q(x) ∨ ¬P (x) ∨R(y) and C2 = P (x) ∨ ¬S(y, x).

C1 and C2 are not standardized apart.

So, we rename C2 to C ′2 = P (u) ∨ ¬S(v, u).

Then θ = {u/x} is an mgu for {¬P (x),¬P (u)}.

Now,

(Q(x) ∨R(y) ∨ ¬S(v, u))θ = (Q(x) ∨R(y) ∨ ¬S(v, u)){u/x}
= (Q(x) ∨R(y) ∨ ¬S(v, x))

is a binary resolvent of C1 and C2.

¬P (x) and P (u) are the literals resolved upon.
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Problems - Binary Resolvent

The previous definition of a binary resolvent is not sufficient: it
does not allow us yet to derive all the clauses we want.

E.g. 25
We would like to be able to derive the empty clause � from the
clauses C1 = P (x) ∨ P (y) and C2 = ¬P (u) ∨ ¬P (v).

Clearly, � is a clause which is a logical consequence of C1 and
C2.

It is not possible to construct a series of binary resolvents from
C1 and C2 which leads to the empty clause �.
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Factor of a Clause

Let C be a clause, L1, . . . , Ln (n ≥ 1) some unifiable literals
from C, and θ an mgu for the set {L1, . . . , Ln}. Then the clause
obtained by deleting L2θ, . . . , Lnθ from Cθ is called a factor of
C.

Note:

I Every non-empty clause C is a factor of itself, using the
identity substitution ε as mgu for one literal in C.

I It can be shown that if C ′ is a factor of C, then C |= C ′.
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Examples - Factor of a Clause

E.g. 26

(i) ¬Q(a) ∨ P (f(a)) is a factor of the clause
¬Q(a) ∨ P (f(a)) ∨ P (y); mgu θ = {y/f(a)}.

(ii) Q(x) ∨ P (x, a) is a factor of Q(x) ∨Q(y) ∨Q(z) ∨ P (z, a);
mgu θ = {y/x, z/x}
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Applying Factors

Factors are important, because they enable us to derive from
two clauses C1 and C2 clauses which are not binary resolvents
of C1 and C2.

E.g. 27
Let’s take E.g. 25 again.

Before taking binary resolvent of C1 = P (x) ∨ P (y) and
C2 = ¬P (u) ∨ ¬P (v), let’s take factors C ′1 and C ′2 of C1 and C2

respectively.

C ′1 = P (x) and C ′2 = ¬P (u).

Now, if we take the binary resolvent of C ′1 and C ′2, we obtain
the empty clause �.
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Resolvent

Let C1 and C2 be two clauses. A resolvent C of C1 and C2 is a
binary resolvent of a factor of C1 and a factor of C2, where the
literals resolved upon are the literals unified by the respective
factors. C1 and C2 are called the parent clauses of C.

E.g. 28

I ¬P (a) ∨Q(a, y) is a factor of
C1 = ¬P (x) ∨ ¬P (a) ∨Q(x, y) and let C2 = Q(a, y) ∨R(z).
So Q(a, y) ∨R(z) is a resolvent of C1 and C2.

I � is a resolvent of C1 = Q(x) and C2 = ¬Q(a) ∨ ¬Q(x).

Note: Every binary resolvent is a resolvent, but not every
resolvent is a binary resolvent.

Resolution

Derivation

Let Σ be a set of clauses and C a clause. A derivation of C
from Σ is a finite sequence of clauses R1, . . . , Rk = C, such that
each Ri is either in Σ, or a resolvent of two of clauses in
{R1, . . . , Ri−1}. If such a derivation exists, we write Σ `r C.
We then say C can be derived from Σ.

A derivation of the empty clause � from Σ is called a
refutation of Σ.

Resolution



Example - Derivation

E.g. 29
Derive ¬P (x) from the set Σ = {(¬P (x) ∨ ¬R(x) ∨ ¬Q(a)),
R(y),¬Q(b), (Q(a) ∨Q(b))}.

Sol:

1. ¬P (x) ∨ ¬R(x) ∨ ¬Q(a)

2. R(y)

3. ¬Q(b)

4. Q(a) ∨Q(b)

5. ¬P (x) ∨ ¬Q(a) (from 1 and 2, mgu = {y/x})
6. Q(a) (from 3 and 4)

7. ¬P (x) (from 5 and 6)

Resolution

The Tree for the derivation of E.g. 29

Resolution

Example - Refutation

E.g. 30
Prove that the set

Σ = {(P (x) ∨Q(x, y)),¬P (z), (¬Q(a, b) ∨ P (a) ∨ P (b))}

is unsatisfiable, by giving a refutation of Σ.

Sol:

1. P (x) ∨Q(x, y)

2. ¬P (z)

3. ¬Q(a, b) ∨ P (a) ∨ P (b)

4. Q(x, y) (a resolvent of 1 and 2, mgu = {z/x})
5. P (a) ∨ P (b) (from 3 and 4, mgu = {x/a, y/b})
6. P (b) (from 2 and 5, mgu = {z/a})
7. � (from 2 and 6, mgu = {z/b})

Resolution

The Tree for the refutation of Σ given in E.g. 30

Resolution



Soundness of Derivation

Theorem:

Let Σ be a set of clauses, and C be a clause. If Σ `r C, then
Σ |= C.

Note:

I If Σ `r �, then we have found a proof that Σ |= �: Σ is
unsatisfiable.

I Resolution by itself is not complete in general.

Resolution

Exercises

Ex. 7 Determine whether the following clauses can be
factorized, and give the factors if possible.

1. P (x) ∨Q(y) ∨ P (f(x))

2. P (x) ∨ P (a) ∨Q(f(x)) ∨Q(f(a))

3. P (x, y) ∨ P (a, f(a))

4. P (a) ∨ P (b) ∨ P (x)

5. P (x) ∨ P (f(y)) ∨Q(x, y)

Resolution

Exercises

Ex. 8 Find the possible resolvents of the following pairs of
clause.

1. C1 = ¬P (x) ∨Q(x, b)
C2 = P (a) ∨Q(a, b)

2. C1 = ¬P (x) ∨Q(x, x),
C2 = ¬Q(a, f(a))

3. C1 = ¬P (x, y, u) ∨ ¬P (y, z, v) ∨ ¬P (x, v, w) ∨ P (u, z, w),
C2 = P (g(x, y), x, y)

4. C1 = ¬P (v, z, v) ∨ P (w, z, w)
C2 = P (w, h(x, x), w)

Resolution

Exercises

Ex. 9 Mary, the school teacher of little John, notices that
little John is not in school today. She knows that if someone is
not in school then that person is either ill, or lazy. She also
knows that ill people do not go shopping, but she has seen little
John come out of the candy shop today.

1. Formalize the above description using logical formulas.

2. Derive that “Little John is lazy.”

Resolution


