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Introduction

Earlier we concerned set of all clauses.

Here we restrict to special kind of clauses: Horn clauses
(named after the logician Alfred Horn).

Horn clauses: These are clauses with
at most one positive literal.

E.g. 1: ¬p1 ∨ ¬p2 ∨ . . . ∨ ¬pn ∨ q

SLD-resolution (Selective Linear Definite clause resolution),
which is a special case of input resolution, is complete for Horn
clause.

Introduced by J.A. Robinson in the mid sixties.

PROLOG is built on SLD-resolutions.

Definite Clauses

Logic programming - use a computer to draw conclusions
from declarative descriptions, called logic programs.

These programs consist of finite set of logic formulas.

Definite clauses - special type of declarative sentences of
natural language that describe positive facts and rules.

Fact/Rule - A sentence either states that a relation holds
between individuals (fact), or that a relation holds between
individuals provided that some other relations hold (rule).

Example - Facts and Rules

E.g. 2: Consider the following sentences

(i) “Tom is John’s child”

(ii) “Ann is Tom’s child”

(iii) “John is Mark’s child”

(iv) “Alice is John’s child”

(v) “The grandchild of a person is a child of a child of this
person”

The first four sentences are positive facts and the last one is a
rule.



Definite Program Clause

Definition 1: A formula of the form

A0 ← A1 ∧A2 ∧ . . . ∧An (n ≥ 0)

is called a definite program clause (or definite clause), where
A0, A1, A2, . . . , An are atomic formulas and all the variables
occuring in the formula are (implicitly) universally quantified
over the whole formula.

A0 - head of the clause, A1 ∧A2 ∧ . . . ∧An - body of the clause

Notation: A0 ← A1, A2, . . . , An (n ≥ 0)

Definite Program Clause (Cont.)

The definite clause A0 ← A1 ∧A2 ∧ . . . ∧An can equivalently be
written as A0 ∨ ¬A1 ∨ ¬A2 ∨ . . . ∨ ¬An

A0 ← A1 ∧A2 ∧ . . . ∧An ≡ A0 ∨ ¬(A1 ∧A2 ∧ . . . ∧An)

≡ A0 ∨ ¬A1 ∨ ¬A2 ∨ . . . ∨ ¬An

Note:

1. A definite clause contains exactly one positive literal.

2. The facts (sometimes called as unite clauses) are definite
clause where n = 0. In this case, the implication arrow is
usually omitted.

Example - Definite Program Clause
E.g. 3: Consider the following sentence:

”The grandchild of a person is a child of a child of this person.”

Let grandchild(x, y) - x is a grandchild of y and child(x, y) - x
is a child of y

Then the above sentence can be represented as

”For all x and y, grandchild(x, y) if there exists a z s.t.
child(x, z) and child(z, y).”

or equivalently

∀x∀y (grandchild(x, y)← ∃z(child(x, z) ∧ child(z, y)))

≡ ∀x∀y (grandchild(x, y) ∨ ¬(∃z(child(x, z) ∧ child(z, y)))

≡ ∀x∀y (grandchild(x, y) ∨ ∀z¬(child(x, z) ∧ child(z, y)))

≡ ∀x∀y∀z (grandchild(x, y) ∨ ¬(child(x, z) ∧ child(z, y)))

≡ ∀x∀y∀z (grandchild(x, y)← (child(x, z) ∧ child(z, y)))

Example - Definite Program Clause (Cont.)

Note that all the variables in the rule are universally quantified
over the whole formula.

Hence, we do not write quantifiers explicitly.

Thus, we get the definite program clause form

grandchild(x, y)← (child(x, z) ∧ child(z, y))

Or equivalently

grandchild(x, y) ∨ ¬child(x, z) ∨ ¬child(z, y)



Definite Goal

Definition 2: A query of the form

← A1, A2, . . . , Am

is called a definite goal, where Ai’s are atomic formulas and
called them as subgoals.

Note: The goal where m = 0 is called the empty goal, and is
denoted by �.

Example - Definite Goal
By giving a definite goal the user selects the set of conclusions
to be constructed. This set may be finite or infinite.

E.g. 4: Suppose that we have the following facts

child(tom, john)

child(ann, tom)

child(john,mark)

child(alice, john)

and need to answer the queries in the following table

QUERY GOAL

“Is Ann a child of Tom?” ← child(ann, tom)

“Who is a grandchild of Ann?” ← grandchild(x, ann)

“Whose grandchild is Tom?” ← grandchild(tom, x)

“Who is a grandchild of whom?” ← grandchild(x, y)

Example - Definite Goal (Cont.)

The answers to the queries for the above slide by a typical
Prolog system might be

I “yes”

I “no”

I x = mark

I x = tom, y = mark
x = alice, y = mark
x = ann, y = john

Horn Clauses

A Horn clause is either a definite program clause, or a definite
goal.

Note:

I A definite program clause is a clause containing one
positive, and zero or more negative literals.

I A definite goal is a clause containing only negative
literals.



Horn Language

Definition 3: The Horn Language H given by an alphabet is
the set of all Horn clauses which can be constructed from the
symbols in the alphabet.

Definite Programs

Definition 4: A definite program is a finite set of definite
program clauses.

Notation: We will denote a definite program by the symbol Π.

E.g. 5: The set Π consisting of the following clauses is a
definite program.

1. P (0, x, x)

2. P (s(x), y, s(z))← P (x, y, z)

3. Q(s(0), s(0))

4. Q(s(s(0)), s(0))

5. Q(s(s(x)), u)← Q(x, y), Q(s(x), z), P (y, z, u)

Example - Definite Programs
E.g. 6: Consider the following definite program that describes
a problem where “parents of newborn children are proud.”,
“Peter is the father of Ann.” and “Ann is newborn.”.

Let
proud(x) - x is proud, parent(x, y) - x is a parent of y,
father(x, y) - x is the father of y, mother(x, y) - x is the
mother of y
newborn(x) - x is a newborn.

Definite program

proud(x)← parent(x, y), newborn(y)

parent(x, y)← father(x, y)

parent(x, y)← mother(x, y)

father(Peter,Ann)

newborn(Ann)

SLD-Resolution [1]

This is an input resolution with some restrictions:

1. SLD-resolution is only applied to a set Σ of Horn clauses.
The top clause can be either a definite program clause or a
goal in Σ.

2. All input clauses are definite program clauses from Σ.

3. The literals resolved upon are the head of the input clause,
and a selected atom in the body of the center clause.

4. No factors are used, so all resolvents are binary resolvents.



SLD-Resolution [2]

Definition 5:

Let Σ be a set of Horn clauses, and C be a Horn clause. An
SLD-derivation of length k of C from Σ is a finite sequence of
Horn clauses R0, . . . , Rk = C, such that R0 ∈ Σ and each
Ri(1 ≤ i ≤ k) is a binary resolvent of Ri−1 and a definite
program clause Ci ∈ Σ, using the head of Ci and a selected
atom in the body of Ri−1 as the literals resolved upon.

R0 - top clause, Ci - input clauses

Notation: If an SLD-derivation of C from Σ exists, we write
Σ `sr C.

An SLD-derivation of � from Σ is called an SLD-refutation of
Σ.

SLD-Deduction

Definition 6: Let Σ be a set of Horn clauses and C a Horn
clause. There exists an SLD-deduction of C from Σ, written as
Σ `sd C,

I If C is a tautology, or

I If there is a Horn clause D, such that Σ `sr D and D
subsumes C.

Example - SLD-Resolution

E.g. 7: Let Σ = {P (0, x, x), P (s(x), y, s(z))← P (x, y, z))} and
C = P (s2(0), s(0), s3(0)). The following figure shows an
SLD-derivation of R2 = P (s2(0), y, s2(y)) from Σ. The selected
atoms are underlined. Since R2 subsumes C, we have Σ `sd C.

Some Theorems: SLD-Resolution

Theorem 1: (Refutation Completeness of SLD-Resolution)
Let Σ be a set of Horn clauses. Then Σ is unsatisfiable iff
Σ `sr �.

Theorem 2: (Subsumption Theorem for SLD-Resolution)
Let Σ be a set of Horn clauses, and C be a Horn clause. Then
Σ |= C iff Σ `sd C.



Correct Answers and Computed Answers

This approach, which points forward to PROLOG, views SLD-
refutations as a means of answering the question

“What follows from a definite program?”

Such queries are answered by examining the substitutions used
in SLD-refutations of a set Π ∪ {G} where G is a goal.

We assume that G 6= �.

Example

E.g. 8: Consider the following definite program (Π)

proud(x)← parent(x, y), newborn(y)

parent(x, y)← father(x, y)

parent(x, y)← mother(x, y)

father(Peter,Ann)

newborn(Ann)

Suppose a user queries “Who is proud?”.

Then the corresponding definite goal is

G =← proud(z)

So the program should find values for z by examining the
substitutions used in SLD-refutations of the set Π ∪ {G}.

Example (Cont.)

Note that ← proud(z) is an abbreviation of

∀z ¬proud(z)

which in turn equivalent to

¬ ∃z proud(z)

whose reading is “Nobody is proud.”

i.e. a negative answer to the query “Who is proud?” or the
statement “Someone is proud.” or

∃z proud(z)

To show that P |= ∃z proud(z), equivalent to showing that
P ∪ {¬∃z proud(z)} is unsatisfiable.

Example (Cont.)

This would result only in a “yes”-answer to the original query
“Who is proud?”, while the expected answer is “Peter”.

Thus, our objective is to find a substitution θ s.t. the set

P ∪ {¬proud(z)θ}

is unsatifiable or equivalently s.t.

P |= proud(z)θ



Example (Cont.) Example (Cont.)

The composite substitution of the substitutions used in
SLD-refutation of the set Π ∪ {G} is

θ1θ2θ3θ4 = {x0/z}{x1/z, y1/y0}{z/Peter, y0/Ann}ε
= {x0/z, x1/z, y1/y0}{z/Peter, y0/Ann}
= {x0/Peter, x1/Peter, y1/Ann, z/Peter, y0/Ann}

The computed answer (θ) is restricted to the variable of

G =← proud(z).

i.e. θ = {z/Peter}

Definitions for Correct Answers and Computed Answers

Definition 7: Let Π a definite program, G =← A1, . . . , Ak a
definite goal, and θ be a substitution for variables of G. We say
that θ is a correct answer for Π ∪ {G} if
Π |= ∀((A1 ∧ . . . ∧Ak)θ).

Definition 8: Let Π be a definite program, G a definite goal.
Let θ1, . . . θn be a sequence of mgu’s used in an SLD-refutation
of Π ∪ {G}. A computed answer θ for Π ∪ {G} is the restriction
of the composition θ1, . . . , θn to the variables of G.

Example - Computed Answer

E.g. 9: Consider the following definite program (Π):

1. P (x, z)← Q(x, y), P (y, z)

2. P (x, x)

3. Q(a, b)

Suppose G =← P (x, b).

Figure in the next slide shows an SLD-refutation of Π ∪ {G},
where θi denotes the mgu’s used in each step.

The selected atoms are underlined.

The computed answer is {x/a} since
θ1θ2θ3 = {v/a, x/a, y/b, z/b, w/b}.



Example - Computed Answer (Cont.) Important Condition

Condition *

In an SLD-refutation of Π ∪ {G}, with mgu’s θ1, . . . θn and
input clauses C1, . . . Cn, no variable in Ci should occur in G or
in C1, . . . Ci−1 or in θ1, . . . θi−1.

In other words, Ci neither shares variables with G, nor with
earlier mgu’s and input clauses.

Example - Condition *

E.g. 10: This example shows what can go wrong if we do not
impose the condition *.

Consider the definite program (Π):

1. Q(x′, y′)← Q(y′, y′)

2. Q(x, x)

Suppose G =← Q(x, y).

Since Π |= ∀x∀y Q(x, y), the empty substitution ε is the correct
answer, and we would like this to be a computer answer as well.

Figure in the next slide shows an SLD-refutation of Π ∪ {G}.

Example - Condition * (Cont.)

Note: In each resolution step, the two parent clauses are
standardized apart. However, G and the second input clause
share the same variable x. So the condition * is not satisfied.
Because of that we don’t get the correct answer ε.



Computation Rules

The goal clause may contain several atomic formulas which
unify with the head of some clause in the definite program.

A computation rule (R) is used in the SLD-derivation to
select an atom from the (current) goal for unification.

E.g. 11: Selecting the leftmost atom in a goal (see examples 8
and 9).

Computation Rules (Cont.)

Definition 9: Let Π be a definite program, G a definite goal,
and R a computation rule. An
SLD-refutation of Π ∪ {G} via R is an SLD-refutation of
Π ∪ {G}, in which the selected atoms are selected by using R.

Definition 10: Let Π be a definite program, G a definite goal,
and R a computation rule. An R-computed answer for Π ∪ {G}
is a computed answer for Π ∪ {G} which is obtained from an
SLD-refutation of Π ∪ {G} via R.

Switching Lemma
It can be shown that the computed answer obtained from an
SLD-
refutation is independent of the computation rule used.

E.g. 12: Below figure shows the SLD-refutation obtained for
E.g. 8 via the computation rule in which right-most atom is
selected for unification. Here also the computed answer is
{x/a}.

Failed Derivation

Definition 11: A derivation of a goal clause whose last
element is not empty and cannot be resolved with any clause of
the definite program is called a failed derivation.

E.g. 13: Consider the following definite program (Π):

1. grandfather(x, z)← father(x, y), parent(y, z)

2. parent(x, y)← father(x, y)

3. parent(x, y)← mother(x, y)

4. father(Nehru, Indira)

5. mother(Indira,Rajiv)

Suppose G =← grandfather(Nehru, x).

The figure shown in the following slide depicts a failed
derivation since the selected literal does not unify with the head
of any clause in the program.



Failed Derivation (Cont.) Complete Derivation

By a complete derivation we mean a refutation, a
failed derivation or an infinite derivation.

Note: a given initial goal clause (G0) may have many complete
derivations via a given computation rule R.

This happens if the selected subgoal of some goal can be
resolved with more than one program clause.

All such derivations may be represented by a possibly infinite
tree called the SLD-tree of G0 (using P and R).

SLD-Trees

Definition 12: Let Π be a definite program, G0 a definite goal
and R a computation rule. The SLD-tree of G0 (using Π and
R) is a (possibly infinite) labelled tree satisfying the following
conditions:

1. Each node of the tree is a (possibly empty) definite goal.

2. The root node is G0.

3. If the tree contains a node labelled by Gi and there is a
renamed clause (a variant of) Ci ∈ Π such that Gi+1 is
derived from Gi and Ci via R then the node labelled by Gi

has child labelled by Gi+1. The edge connecting them is
labelled by Ci.

Example - SLD-Tree for E.g. 13



Soundness of SLD-Resolution

Theorem 3: Let Π be a definite program, R a computation
rule and θ an R-computed answer substitution for a goal
← A1, . . . , Am. Then ∀((A1 ∧ . . . Am)θ) is a logical consequence
of the program.

Note: The above theorem guarantees the correctness of the
computed answer substitution.

Completeness of SLD-Resolution

Theorem 4: Let Π be a definite program, ← A1, . . . , An a
definite goal and R a computation rule. If
Π |= ∀(A1 ∧ . . . ∧An)σ, there exists a refutation of ← A1 . . . An

via R with the computed answer substitution θ such that
(A1 ∧ . . . ∧An)σ is an instance of (A1 ∧ . . . ∧An)θ.

Note: The completeness guarantees that all correct answers for
a given goal can be obtained by SLD-resolution.


