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Introduction

Sometimes derivations are not possible to derive a clause that
we want to prove.

E.g. 1 Let
Σ = {¬P (a), P (x)∨Q(x)∨R(x),¬Q(x)∨¬S(x), S(a)}. We can
derive R(a) from Σ.

However, we cannot prove that the clause R(a) ∨R(b) is a
logical consequence of Σ using the derivation.

But R(a) ∨R(b) is clearly a logical consequence of Σ, since
R(a) |= R(a) ∨R(b).

E.g. 2 Let Σ = {(Q(x) ∨ P (a)),¬P (a)} and C = Q(b).

Clearly, Σ |= C, but using resolution there only exists a
derivation of Q(x) from Σ, not of Q(b).

Subsumption

Let C1 and C2 be clauses. We say C1 subsumes C2 if there
exists a substitution θ such that C1θ ⊆ C2 (i.e., every literal in
C1θ also appears in C2).

E.g. 3 Some illustrations of subsumptions:

I C1 = P (x) subsumes C2 = P (a) ∨Q(x), since
C1{x/a} = P (a), and {P (a)} ⊆ {P (a), Q(x)}.

I C1 = P (x) ∨ ¬Q(a) subsumes
C2 = P (a) ∨ ¬P (f(x)) ∨ ¬Q(a).

I The empty clause � subsumes any clause, because the
empty set is a subset of the set of literals in any clause.

I The only clause which subsumes the empty clause �, is �
itself.

Note: If C1 subsumes C2, then C1 |= C2.

Deduction

The combination of a derivation and subsumption yields a
deduction.

Note: Some authors use the term deduction for a derivation.

Definition: Let Σ be a set of clauses and C a clause. We say
there exists a deduction of C from Σ, written as Σ `d C,

I if C is a tautology or

I if there exists a clause D such that Σ `r D and D
subsumes C.

If Σ `d C, we say C can be deduced from Σ.



Example - Deduction

E.g. 4

Let C = ¬P (b)∨R(y) and Σ = {(¬P (x)∨¬R(x)∨¬Q(a)), R(y)
¬Q(b), (Q(a) ∨Q(b))}.

We can show that Σ `r ¬P (x).

Since ¬P (x) subsumes C, we have Σ `d C.

Soundness of Deduction

The soundness of deductions follows immediately from the
soundness of derivations and the fact that if D subsumes C,
then D |= C.

Theorem

Let Σ be a set of clauses, and C be a clause. If Σ `d C, then
Σ |= C.

The Subsumption Theorem

This theorem states the most important result: Completeness.

i.e. if Σ |= C, then Σ `d C.

In other words: any clause which is a logical consequence of Σ,
can be deduced from Σ.

Combined with its converse, the soundness of deductions, this is
called the Subsumption Theorem.

Theorem - The Subsumption Theorem

Let Σ be a set of clauses, and C be a clause. Then Σ |= C iff
Σ `d C.

Refutation Completeness of Resolution

The Subsumption Theorem actually tells us that resolution and
subsumption form a complete set of derivation rules for clauses.

Though the resolution rule by itself is not complete for clauses
in general, it is complete with respect to unsatisfiable sets of
clauses.

This refutation completeness is an easy consequence of the
Subsumption Theorem:

Theorem - Refutation Completeness of Resolution

Let Σ be a set of clauses. Then Σ is unsatisfiable iff Σ `r �.

Note: Σ |= C can be proved by giving a refutation of Σ∪{¬C}.



Proving Non-Clausal Logical Implication [1]

The two previous theorems (Subsumption Theorem and
Refutation Completeness) apply only to sets of clauses.

In general, if want to prove Σ |= φ, Σ needs not be a set of
clauses, nor does φ have to be a clause.

E.g. 5 Let Σ = {∀x (P (x)→ Q(x)), P (a)} and let
φ = ∃x Q(x).

Clearly, Σ |= φ, but there is no way that this can be proved by
resolution “directly”.

Proving Non-Clausal Logical Implication [2]

But there is a trick to avoid this problem.

The trick is to apply resolution to a standard form of Σ ∪ {¬φ}

A standard form can always be represented by a set of clauses,
hence we can apply resolution to it.

If Σ |= φ, then this standard form of Σ ∪ {¬φ} will be
unsatisfiable.

Refutation completeness of resolution guarantees the proof of
this.

Theorem

Let Σ be a set of formulas, let φ be a formula, and let S be a
set of clauses representing a standard form of Σ ∪ {¬φ}. Then
Σ |= φ iff S `r �.

Example - Proving Non-Clausal Logical Implication
E.g. 6 Let Σ = {∀x (P (x)→ Q(x)), P (a)} and let φ = ∃y Q(y).

Is Σ |= φ?

We first obtain the normal form of Σ ∪ {¬φ}:

S = {(¬P (x) ∨Q(x)), P (a),¬Q(y)}

Then we prove by resolution that S is unsatisfiable, by giving a
refutation of S.

How to find a deduction [1]

Theorem (Schmidt-Schauss)

The problem whether C |= D, where C and D are arbitrary
clauses, is undecidable.

According to this theorem, the existence of a deduction of D
from C is undecidable since C |= D iff C `d D.

Then clearly, if Σ is a set of clauses and C is a clause, Σ `d C is
also undecidable.

We need to find a procedure that always finds a deduction of C
from Σ if one exists.

Such a procedure is not guaranteed to terminate if a deduction
does not exist.



How to find a deduction [2]

Procedure to find Σ `d C
I First check if some clause in Σ subsumes C.

I If not, construct the set of clauses which can be derived
from Σ by a derivation tree of depth 1, and check if one of
these subsumes C.

I If not, construct the set of clauses which can be derived
from Σ by a derivation tree of depth 2, and see if one of
these clauses subsumes C, etc.

If Σ `d C and C is not a tautology, then there is a derivation of
a clause which subsumes C, and this will eventually be found.

Example - How to find a deduction

E.g. 7

Let C = P (x, b) and Σ = {(P (x, y) ∨R(z)), (Q(u) ∨ ¬R(a)),
(¬Q(b) ∨ ¬Q(v))}. Then Σ |= C.

Σ0 : (1) P (x, y) ∨R(z)

(2) Q(u) ∨ ¬R(a)

(3) ¬Q(b) ∨ ¬Q(v)

Σ1 : (4) P (x, y) ∨Q(u) from (1) and (2)

(5) ¬R(a) ∨ ¬Q(v) from (2) and (3)

(6) ¬R(a) ∨ ¬Q(b) from (2) and (3)

(7) ¬R(a) from (2) and factor of (3)

Example - How to find a deduction (Cont.)

Σ2 : (8) P (x, y) ∨ ¬Q(y) from (1) and (5)

(9) P (x, y) ∨ ¬Q(b) from (1) and (6)

(10) P (x, y) from (1) and (7)

(11) ¬R(a) ∨ ¬R(a) from (2) and (5)

(12) ¬R(a) ∨ ¬R(a) from (2) and (6)

(13) ¬Q(b) ∨ P (x, y) from (3) and (4)

(14) ¬Q(v) ∨ P (x, y) from (3) and (4)

(15) P (x, y) from factor of (3) and (4)

(16) P (x, y) ∨ ¬R(a) from (4) and (5)

(17) P (x, y) ∨ ¬R(a) from (4) and (6)

Example - How to find a deduction (Cont.)

Note:

Two clauses may have more than one resolvent. For example,
clauses (5), (6) and (7) are all resolvents of (2) and (3).

Finally, we wanted to find a derivation of a clause which
subsumes C = P (x, b).

Σ2 contains such a clause: clause (10) is P (x, y).

∴ we do not need to construct Σ3,Σ4, etc.

Note:

When looking for a deduction of the empty clause �, we can
ignore the subsumption step, since � is the only clause
subsumes �. Thus it suffices to check whether some Σn

contains �.



Remarks

The number of clauses in Σn rapidly increases, even for small n.

This can make the search for a deduction very inefficient.

Numerous tricks and procedures have been proposed to speed
up the search.

E.g. 8

All tautologies can be removed from Σn, since tautologies are
not necessary in a deduction anyhow - if Cn is a tautology and
{C1, . . . , Cn} |= C, then also {C1, . . . , Cn−1} |= C.

More efficient procedures to speed up the search

I Linear resolution

I Input resolution


